We develop a simple formalism of biased tracers that we dub Monkey bias. In this formalism, a biased tracer field is constructed directly in terms of the linear matter fluctuation field and the set of derivative operators acting on it. Such bias expansion is first organized based on the general structure of non-linear dynamical equations for the biased tracers. Further physical conditions, like the equivalence principle, are imposed on tree-level correlators utilising the consistency relations. We obtain the bias expansion up to the thirdorder in linear matter fluctuation in the generalized ΛCDM background, which reproduces the previous results in the limit of the EdS universe. This algorithmic construction of our bias operator basis is well suited for extensions towards higher-order bias fields. Moreover, this formalism reveals that biased tracer dynamics in generalized ΛCDM background is not entirely degenerate with the rest of bias parameters, thus opening a possibility of testing the background cosmology through the observations of biased tracers.
Introduction
Distribution of galaxies and clusters of galaxies is the baseline observable when describing the large-scale structure of the Universe, which gives us the key insights into its evolution and composition and would allow us to understand the nature of dark matter, dark energy [1] [2] [3] [4] [5] [6] . Galaxies can be observed on very large scales and can be used to map the structures in the observable Universe. The galaxy clustering thus offers a fascinating opportunity in providing us with the next step insights into the early-Universe physics which complement those obtained from the CMB experiments [7] [8] [9] . In particular, galaxy clustering has a potential to provide tests of General Relativity on large scales [10] [11] [12] as well as provide hints of departures from Gaussian initial conditions which can leave distinct imprints in the distribution of galaxies on large-scale (see e.g. [13] for a review). To extract useful information and address these fundamental problems, however, we need to establish connections between possible observables and the fluctuation of the matter. The relation between galaxies, and other observable tracers of large-scale structure (like voids, quasars, the Lyman-α forest, 21cm hydrogen hyperfine structure transition lines, and others), and the underlying matter is called the large-scale structure biasing. The biasing constitutes the main framework how we describe these connections and is a main topic of this paper.
On large scales, where the density fluctuations are small and in a quasi-linear regime, perturbation theory (PT) can be used to describe the distributions and statistics of these tracers. In this picture the small scale physics of the biased tracers is encoded into the finite set of bias coefficients and scale dependent operators in perturbation theory which are collected and organized order by order. These coefficients can then be treated either as the free parameters of the theory that can depend on the cosmic evolution but independent of physical scales, or can alternatively be modeled by some small scale physical models (peaks, excursion sets etc). The former approach is adopted in this paper. For the detailed overview of this field (in Eulerian setting) we refer the reader to the some of the selected references [14] [15] [16] [17] [18] [19] [20] [21] [22] and the recent review [23] .
The key component of the bias expansion is the concept of the scale separation, where small and large scale fluctuations are separated in the sense of effective field theories. The fluctuation on large scales are then decomposed in the perturbative operator basis encompassing all leading local gravitational observables, which include the matter density, but also tidal fields and their time derivatives. Moreover, the physical processes that govern these expansion can be treated as quasi-local in space, but are non-local in the time domain (the time scale is of order Hubble for all the relevant physical processes). This fact has been recently formalized in [21, 22] . Furthermore, over the recent developments it has become clearer that these robust perturbative descriptions of biased tracer field rest on the assumptions of equivalence principle and Gaussian, and adiabatic initial conditions [24] [25] [26] [27] [28] [29] [30] [31] .
However, despite these successes, the utilisation of cosmological information from galaxy surveys is still in an early stage. Results are abundant for the two point function (power spectrum) at one-loop (next to leading order), and tree-level (leading order) three-point function. However, going beyond these result requires significantly more effort given the increasing number of free operators which quickly complexifies the perturbative expansion.
In this paper we present the alternative bias expansion formalism dubbed "Monkey bias". The main characteristics of this approach is the direct algorithmic construction of the perturbative basis for the biased tracers, without the need of perturbative evaluation of the dark matter field. This approach relies on the explicit implementation of the consistency relations for large scale structure to impose the validity of the equivalence principle in the observables. The formalism is formally equivalent to the existing biasing frameworks at least up to the third order in the Einstein-de Sitter (EdS) universe. Nevertheless, our formalism exhibits, as we argue, several advantageous features. One of these is precisely the explicit construction, relying only on the baseline physical principles like equivalence principle and scale separation of different physical processes. Therefore, the extensions to the background cosmology beyond the EdS universe, as well as the higher orders in perturbation theory are straightforward.
This paper is organised as follows. In Section 2, we summarise the standard perturbative approach to description of biased tracers and introduce the several canonical bias expansion basis present in the literature. We introduce a new, symmetry based, Monkey bias formalism in Section 3. In Section 4, we compare Monkey formalism to the existing approaches and contrast the comparative advantages. We conclude and summarise our finding in Section 5. Paper also consists of three complementary appendices. The bias expansion for the generalised ΛCDM universe is presented in Appendix A. Alternative use of one-loop power spectrum statistics for constraining the Monkey formalism is shown in Appendix B. Fi-
Linear fractional matter density perturbation δ m Fractional matter density perturbation u i
Matter velocity field θ m Divergence of the matter velocity field δ h Fractional biased tracer number density perturbation Table 1 : List of notation and most important quantities used in this paper.
nally, Appendix C gives explicit expressions for the one-loop power spectrum and three-level bispectrum in Monkey formalism. We work under the assumptions of adiabatic Gaussian perturbations and General Relativity.
Canonical perturbative approach to biased tracers
The role of biasing is to connect the underlying dynamics of gravitational evolution and structure formation of dark matter to the distribution of biased tracers, like galaxies. This procedure thus requires the understanding and description of the distribution of dark matter, itself governed by gravity, and subject to the initial perturbations set by early universe physics (see [32] for a review). Formation and evolution of galaxies is an complex process, however on large cosmological scales where perturbation theory applies, all the complex small-scale dynamics can be organised into a finite number of bias parameters. This is possible since the scale of gravitational interaction is much larger than the physical scale associated with the small-scale physics, which allows us to integrate out (marginalise) over the unknown dynamics of the galaxy formation. This process thus enables us to robustly extract cosmological information from the large scales in the galaxy surveys.
Canonically, this connection can be achieved either in the so called Eulerian or Lagrangian perturbative scheme. In Eulerian perturbative schemes [14] [15] [16] [17] [19] [20] [21] [22] dark matter dynamics is treated as an effective fluid on the large scales governed by the continuity and the Euler equations with small scales providing backreaction in terms of the unknown source terms that can be organised perturbatively on large scales. Connection of dark matter to halos is, in this picture, achieved by writing, order by order in dark matter fields, the most general functional form allowed by the covariance under coordinate transformations. Thus, the Eulerian perturbative description of galaxy clustering, valid on quasi-linear scales, is based on two step procedure:
• bias expansion of the tracer field in terms of the non-linear matter operators (density field, shear etc.).
• initial matter density initial proto-tracer density final matter density final tracer density t biasing biasing E u le r ia n -P T L a g r a n g ia n -P T Monkey Figure 1 : A schematic depiction of the current approaches in describing the galaxy statistics. Lagrangian-PT or Eulerian-PT is usually employed to describe the statistics of biased tracers and relate it to the nonlinear dynamics of dark matter. On the left, in the Lagrangian scheme, the biased tracer field is constructed in Lagrangian coordinates and evolved to the final (Eulerian) coordinates. On the right, in the Eulerian scheme, biased tracers are constructed in final (Eulerian) coordinates out of the nonlinear dark matter field, evolved from the initial conditions. The central line depicts the Monkey approach that bypasses the twostep procedure and features a direct construction of the biased tracer field.
• Eulerian perturbation theory expansion of these non-linear matter operators. This, two step procedure, is schematically shown on the right hand side of the Figure. 1. The Eulerian based biasing schemes is currently most often used for the description of bias tracer statistics, and even though various different set ups are employed [15, 21, 22] these are all mathematically equivalent, differing only on the level of the choice of the basis of operators (i.e. isomorphic). However, in all of these frameworks, only low order expansions in the EdS universe have been investigated (up to the third order in the biased field), and extension to the higher orders (see however [33] for the one-loop bispectrum investigation) or to the more generic background universe still remains somewhat undetermined. The construction of the basis on n−th perturbative order is not streamlined and relies somewhat on the ingenuity and agility of the investigator, without apparent means to ensure that the obtained bias operator basis is complete. Monkey bias basis, among other things, is constructed in particular to remedy these worries and to streamline the biasing basis construction order by order in the generic background universe, based solely on the physical principles and resulting constraints.
The Lagrangian schemes [34] [35] [36] [37] [38] [39] [40] [41] revert the two steps above. Here one starts by writing the biasing expansion for the so-called proto-halo field in some initial time-slice based on the same covariance principle. The second step relies on using the Lagrangian perturbation theory of dark matter displacements to advect this field to the final, Eulerian position. The Lagrangian perturbative description of galaxy clustering, again constructed to be valid on quasi-linear scales, thus reverts these previous (Eulerian) steps:
• bias expansion of the (proto-)tracer field is done in terms of the initial (linear) density distribution that is set up for evolution to the final time.
• Lagrangian perturbation theory expansion of displacement field is used to evolve the biased tracer field.
These two schemes are shown in Figure. 1 and can represent all of the currently existing approaches to describing the connection of dark matter dynamics and the evolution of biased tracers. Crucially, the general bias expansion in either frame is mathematically equivalent, order by order in perturbation theory, if we assume the same physical conditions. The key feature of both of these schemes is the two-step procedure, where the nonlinear dynamics and the description of biased tracer fields undergo similar but seemingly unrelated perturbative expansion. One of the goals of the next section is to unify this into a single-step procedure, thus allowing us to optimize our description and computation.
In general, the idea of the description of biased tracers statistics on the large scales relies on the assumption of scale separation. On large enough scales, larger than R * , gravity is dominant and responsible for driving the dynamics of biased tracers. Below R * , a variety of small scale physics, characteristic to a given tracer, is also active, while due to the scale separation, its impact on the large scales is suppressed. Galaxies can be considered as such tracers given the separation of scale criteria from above, despite the complex nature of galaxy formation and its nonlinear dynamics.
The continuity equation for biased tracer is often assumed, which implies the number density of the biased tracer should be conserved. In reality, however, this assumption is not entirely accurate for realistic bias tracers, since galaxies can undergo complex formation and merger dynamics that change their total number. Formally, we can represent these processes by adding source terms to the continuity equation. Similar considerations hold for the momentum balance, i.e., Euler equation, where, e.g., AGN outflows and feedbacks can affect the momentum balance of tracers. Therefore, we can write
where the source terms S δ , S u encapsulate the small scale physics feedback on the large scale tracer density and velocity. The gravitational potential φ in the Euler equation is given by the Poisson equation in the Newtonian limit. Given that the approximately 80% percent of matter content is made from dark matter, a suitable model is that the gravitational dynamics is approximately given only by the dark matter on large scales,
where x is the comoving position, τ is the conformal time and Ω m and Ω b are the energy fraction of dark matter and baryons, respectively. The set of coupled equations is closed by continuity and Euler equation for the dark matter fluctuation δ m which are the usual EFT equations for the long modes sourced by the small scale physics [42] [43] [44] .
The source terms for biased tracers, S δ , S u , can depend on their own field δ h and velocity u h , the long fields of dark matter δ m that drive the dynamics on large scales as well as on the small scale physics that is characterized by some typical R * scale. Moreover, the processes can occur non-locally in time [21] [22] [23] , given that the galactic processes and dynamics occur on roughly Hubble time scales. Thus, we can formally write the source terms as
where x fl is the flow coordinate that can be expressed in terms of the Eulerian coordinate as
Note that at this level of description we need not invoke the conventional notions that galaxies reside in massive dark matter dominated halos. In cases when this holds, this fact is reflected in the values of the bias coefficients indicating the level of correlation of dense dark matter region and the tracers at hand.
Monkey approach to description of biased tracers
In this section, we present a novel approach to constructing the perturbative operator basis for biased tracers that we call the Monkey theory. 1 Instead of following the existing approaches of first building the list of allowed (and nonlinear) bias operators, which subsequently have to be further expanded in PT, we first construct the superset bases at a given PT order, which is then trimmed down to the final basis. The latter step is achieved by imposing the equivalence principle via consistency relations.
General idea
Our goal is to find a general expression for the density contrast of a biased tracer δ h in terms of the linear density contrast of dark matter δ ℓ . In other words, we are interested in constructing the following perturbative expansion of the functional F:
(3.1)
Here, we adopt δ ℓ (x) as the most fundamental building block, simply because it is the unique perturbative quantity whose property is robustly known. The above functional may be decomposed into the linear part and non-linear part,
where a 1 is the coefficient of the linear operator δ ℓ , and F NL includes all the non-linear operators.
The monkey theory consists of the following three steps in constructing the bias expansion F NL [δ ℓ ] up to given order:
(Step 1) Specifying all non-linear terms relevant to the evolution of the biased tracer.
(
Step 2) Writing down all possible operators generated by these non-linear terms.
(Step 3)
Relating the coefficients of these operators by imposing physical requirements.
In the following subsections, we will explain each step and derive the bias expansion up to the third order. We drop the higher derivative and stochastic terms, represented in the source terms of eq. (2.1), however the procedure we outline below can be extended in order to include also these operators, as discussed in Section 3.6.
Step 1: Specifying non-linear terms
The monkey theory requires non-linear terms in the dynamical equation for the biased tracer as input. In other words, the monkey theory is a formalism which gives a general bias expansion for a given set of non-linear terms for the biased tracer. Here, as a working example, we assume that the evolution equation for the biased tracer has the non-linear terms of the continuity equation and Euler equation (as in eq. (2.1)).
Continuity eq. :
Euler eq. :
where θ is the divergence of the velocity field, θ ≡ ∇ · v and its curl component is ignored, v i = (∂ i /∂ 2 )θ. In the above equations, "(linear terms)" represents some linear terms of θ or δ which are irrelevant in the monkey theory. Note that we do not necessarily assume that our biased tracer, δ h and θ h , satisfies the above equation. Instead, our assumption is that the nonlinear dynamics of the biased tracers is sourced by three non-linear terms,
5)
where ∆ h is either δ h or θ h . Here we ignore the difference between δ h and θ h , because they are proportional to each other at the lowest order. We do not try to determine the coefficients of these non-linear terms, because the coefficients of operators will be left as free parameters at the end in the bias expansion approach. Now we take a further step towards abstraction and focus only on the mathematical structure of eq. (3.5),
where X and Y are arbitrary operators. The point of eq. (3.6) is that when we perturbatively solve the biased tracer evolution and obtain the (n + 1)-th order solution, such a solution must be generated from the n-th order solution which are substituted into the non-linear source term in eq. (3.5). For instance, since we know δ h ∝ δ ℓ at the first order (see eq. (3.2)), the second order solution which is generated through the non-linear terms in eq. (3.5) should be a linear combination of the following three operators,
We can continue to construct the bias basis at higher orders in this way as we see below. Since δ ℓ (x, τ ) has its time and spatial dependence in a separable form, these operators satisfy the same property and we can focus on their spatial dependence, because the time dependence will be inevitably degenerated with that of the bias parameters. Before finishing the step 1, let us stress again that the list of the non-linear terms in eq. (3.5) is an input for the monkey theory. Even if the list changes, our formalism still works and provides another bias expansion. Since the matter fluctuation δ m itself can be regarded as a biased tracer (be it a trivial one), we assumed dark matter also satisfies requirement in (3.5) but it is the only assumption on the matter dynamics so far. However, unlike the other formalisms assuming a concrete matter evolution (e.g. SPT), our theory is agnostic on the details of its evolution as long as it conforms to the structure posed in eq. (3.5).
Step 2: Writing down all possible operators
Provided that we only have the three non-linear terms with structures of eq. (3.6) in the dynamics of biased tracer, any non-linear operators which appear in the bias functional F NL [δ ℓ ] should be generated through eq. (3.6). Therefore, we find the following generating rule of operators:
where O (n) denotes an operator at n-th order of the perturbation. One should exhaust all possible operators at n-th order by substituting all the combinations of O (m) and O (n−m) for m = 1, 2, ..., n − 1. From this rule, we easily obtain all the second and third order operators. Assigning independent free coefficients to them, the tentative bias expansion up to the third order is written as 2
. . , f 3 are coefficients and δ ℓ scales with the linear growth rate D(τ ) (proportional to the scaling factor a(τ ) in the EdS). Here, we suppressed the higher derivative terms and the stochastic terms, while they will be discussed in Section. 3.6. Note that the c 2 term and e 1 term are equivalent and we eliminate the e 1 term henceforth. At this point we have 15 operators, and thus apparently have as many as 15 free parameters. However, as we see in the next subsection, by requiring physical conditions one finds that 8 parameters out of these 15 are not free. From its construction it is obvious that any perturbative formalisms whose non-linear terms fall into the expression of eq. (3.5) give solutions in the above form. For instance, the SPT solution in EdS universe for the dark matter density contrast δ m is given by The case of the ΛCDM universe can be also found in appendix A. Note that a is always unity by definition. 2 Here it is understood that the second order terms in bias expansion are subtracted by their expectation values (e.g. δ 2 ℓ → δ 2 ℓ − δ 2 ℓ ) in order to ensure δ h = 0. Ignoring primordial non-gaussianity, we assume that δ ℓ is a gaussian random field.
Step 3: Relating the coefficients
So far, we did not solve any physical evolution but used only the mathematical structure of the non-linear terms in eq. (3.5). Thus, our bias expansion, given in eq. (3.10), is too general, and it includes unphysical solutions. In order to constrain the parameter space into the physical one, we now impose conditions, namely the consistency relations of large scale structure, which are derived from the equivalence principle and adiabatic perturbation [24] [25] [26] [27] [28] 31] . Since, in this paper, we are interested in the bias expansion up to the third order, we consider 3-point and 4-point correlators at tree-level (as well as power spectrum at the one-loop level in Appendix C).
3-point function
According to the consistency relations, the unequal-time correlator between n biased tracers δ h i (k i , τ i ) (i = 1, · · · , n) and one matter fluctuation δ m (q, τ ) with a soft momentum q ≪ k i has a leading contribution of O(q −1 ),
where h i can be all different species of biased tracers, and P m is the power spectrum of the long mode δ m (q, τ ). In the equal time limit, τ 1 = τ 2 = · · · = τ n , the summation over the momenta k i cancels out due to the momentum conservation and the leading contribution of O(q −1 ) vanishes. Therefore, the consistency relation requires the equal-time correlator to be free from IR-divergence
Henceforth, we shall suppress time arguments when we consider equal-time correlators. Let us apply this requirement to our bias expansion. Tree-level 3-point correlator between two different bias tracers h α and h β and matter fluctuation in the soft limit is computed as
The first term in the right hand side is IR-divergent O(q −1 ). Hence the consistency relations generally impose a
(α) 2 = 0 for arbitrary biased tracers α and β. This condition implies that any biased tracer satisfies the following equation with an universal coefficient
We label the coefficient C b is "universal" in the sense of being independent of the tracer species and in general just a function of time. It can be fixed by imposing concrete equations of motion for some tracer, specifically, the usual SPT solution for dark matter. Indeed, assuming the SPT solution for dark matter in the EdS universe, one finds C b = 1.
The above constraint thus imply that the coefficient of the operator ∂ i δ ℓ ∂ i ∂ 2 δ ℓ is not free, but linked to the coefficient of the linear term δ ℓ for any tracer. This is, of course, a known result saying that the displacement of the fields does not change the linear bias parameter. This constraint is, by construction, also present in the other formalisms which we will discuss in Section. 4 [15, 21, 22] . In our case, it follows purely as a requirement of the consistency relation. Up to the second order in the tracer field we thus end up with just two independent operators δ 2 ℓ and
∂ 2 δ ℓ with free bias coefficients, b 1 and b 3 respectively.
4-point function
In a similar way, tree-level 4-point correlator between three different bias tracers, α, β, γ, and matter fluctuation in the soft limit,
where C b is the universal coefficient introduced in eq. (3.15). This gives us four new constraints, fixing four third order bias coefficients. In addition, 4-point correlator allows us to take other two kinds of soft limits. One is double soft limit of external momenta. 4-point correlator with two soft legs should satisfy 1 . Therefore, we introduce two, third order, universal coefficient
As in case of the second order universal coefficient C b , the third order universal coefficients C d andC d , are independent of the bias species and they again link the third order displacements to the linear bias coefficient of the linear operator. As we did for the second order coefficient, we can again specify the matter dynamics by the SPT solutions which provides values of the C d andC d . Assuming the EdS universe we get C d = 3/14 andC d = 2/7. The last soft limit of 4-point correlator at tree-level is so-called collapsed limit in which the sum of two external momenta becomes very small. Its consistency relation is written as
This time, both O(q −2 ) and O(q −1 ) terms automatically vanish under the conditions obtained so far. Nevertheless, we find that the dependence on the soft momentum q remains at O(q 0 ) order,
where P ℓ (k) and P ′ ℓ (k) are the linear matter power spectrum and its derivative, and the suppressed terms in · · · do not depend onq. Requiring thisq dependence to vanish leads to
As shown in Appendix B, the same conditions are derived by 1-loop power spectrum (see eq. (B.4)). First constraint above reduces the number of free bias parameters, locking the three bias operators in the last line of eq. (3.10). On the other hand, the second constraint above, gives us the relation amongst the second and third order universal coefficients C b , C d andC d . Using this constraint we can thus eliminate one of the third order coefficients. Note that for their values in the case with the SPT solution in the EdS quoted above, this condition is automatically satisfied (also in the generalized ΛCDM case, see eq. (A.1)).
It is important to stress that these two conditions do not follow directly from the current form of the consistency conditions [24] [25] [26] [27] [28] 31] and thus constitute, at this stage, a separate and independent condition. However, it is evident that such contributions are unphysical and thus are most likely related to some additional symmetry or physical principle. These should then also be imposed on our system in addition to the equivalence principle. We shall consider these in more detail in the followup work.
Finally, we note that the constraints obtained from the two-and three-point functions are consistent with imposing the consistency relations on the one-loop power spectrum. This comparison is done in Appendix B. This is to be expected, given that the momenta configurations entering the kernels at one-loop power spectrum are the subset of contributions considered when exploring the limits of two-and three-point functions. This reasoning can be extended to the higher-order functions and higher loops. Therefore, extracting the constraints from tree-level statistics order by order is sufficient to ensure the IR safety of all the relevant loop contributions.
Result
Collecting all the constraints we are able to reduce number of bias parameters by one at the second order and by seven at the third order. Putting it all together, we obtain our physical Monkey bias expansion,
where we omit the superscript (h) of the coefficients. The bias parameters and the universal coefficients are highlighted by red and blue color, respectively. Consequently, the bias expansion of δ h has one, two and four free parameters at first, second and third perturbative order, respectively,
We remind the reader that these are only the 'deterministic' and the lowest-order derivative bias operators and that one should add to these appropriate stochastic and higher derivative operators in order to obtain the full expansion of the biased field. We return to these in the subsection below.
Besides the bias parameters in our Monkey bias basis in eq. (3.23), we also have C b and C d , which were introduced as universal coefficients in eqs. (3.15) and (3.19 ) (and after using eq. (3.22)), respectively. If one assumes to know the non-linear dynamics of the matter fluctuation (or any other biased tracer), these coefficients can be fixed using the relations obtained by imposing the consistency relations. If matter dynamics can be described by the SPT in the EdS universe, for instance, C b = 1 and C d = 3/14 are true for all biased tracers. Thus, C b and C d are not counted as bias parameters, given that they do not depend on the characteristics of a specific tracer. In the ΛCDM universe, the coefficients are no longer constant but have some fixed time-dependence. Using the results given in Appendix A, we get C b = 1 and C d = (3λ 1 − 12λ 2 + 3ν 3 − 2)/8, where λ n and ν n are time dependent functions encapsulating the influence of the cosmic expansion on the structure formation [47, 48] .
Measuring the n-point correlators within reach of the expansion given in eq. (3.23) (up to the four-point function) allows us to measure, in principle, the C b and C d directly from the statistics of biased tracers. Moreover, as done for the other bias parameters, near-optimal estimators can also be constructed for these coefficients. Measuring the deviations form the ΛCDM values could provide tests of GR and could indicate the presence of new physics (e.g., a new degree of freedom). For example, in simplified models where quintessence fluctuations are present [49, 50] , these universal coefficients are sensitive to the deviation from the ΛCDM universe as C b = 1− ǫ 1 and C d = (3λ 1 − 12λ 2 + 3ν 3 − 2+ 2ǫ 2 )/8 where the ǫ 1 and ǫ 2 parameters represent the deviation (see Appendix A for all the coefficients and [47] for the definition of ǫ n ). Thus, they provide a potentially clean signal beyond GR, which is non-degenerate with the rest of the bias coefficients. Note that these particular models satisfy the consistency relations [48, 51] , even though the time evolution of the displacement operators is modified. Constructing the near-optimal estimators along the lines of [52, 53] , could be a promising path in obtaining the constraints on the time evolution of the coefficients and its possible modifications.
Inclusion of the higher derivatives and stochastic contributions
As noted above, so far, we have restricted our analysis in considering only deterministic and the lowest-order derivative terms of the bias operators. This restriction is not necessary and can be lifted relatively easily by extending the Monkey basis in eq. (3.10) to include appropriate stochastic and derivative operators. However, in order to include these additional operators, we need to choose the corresponding power counting. It is usual practice to add the stochastic operators already at the linear level, as is appropriate, while the leading derivative operator, R 2 * ∂ 2 δ ℓ , suppressed by some scale R * , starts to contribute at the third field order. In eq. (3.1), we have assumed that the biased tracer δ h (x, τ ) depends only on the linear matter fluctuation δ ℓ (x, τ ). In reality, however, the biased tracer δ h (x, τ ) is not entirely determined by δ ℓ (x, τ ) on large scales, given that it also depends on the small scale dynamical modes of dark matter as well as baryonic physics also present at small scales. Due to our limited knowledge of the small scale dynamics, the biased tracers have an un-deterministic component on top of the biased expansion with respect to δ ℓ (x, τ ) in eq. (3.10). In order to make up this gap, one can introduce a new stochastic field ǫ(x, τ ) which is uncorrelated with δ ℓ (x, τ ). With this stochastic field, the starting point of our discussion in Sec. 3 is extended as
where a ǫ is the linear bias coefficient of the stochastic term. It is straightforward to start over from the Step 1 (subsec. 3.2) to obtain the nonlinear bias expansion F NL [δ ℓ , ǫ] by allowing the X and Y variables in eq. (3.6) to take values of the new stochastic field ǫ(x, τ ). The new stochastic field ǫ can be characterized, as usual, by having only constant Fourier space correlators and no cross-correlations with any of the deterministic operators.
In principle, higher-order operators containing combinations of deterministic and stochastic operators do not depend only on one and the same stochastic field ǫ but can each have a new degree of freedom in terms of the new stochastic fields ǫ O (see, e.g. [22, 23, 54] ). This is, in principle, simple to incorporate in the algorithm above by attaching an additional label to the stochastic field at each iteration step, in effect proclaiming it a new, independent, stochastic field. In this way, the full freedom of stochastic contributions can be covered. However, note that much of this is already captured in the current form, with a single stochastic field structure, given that no additional properties of the stochastic field have been assumed (Wick's theorem, etc.).
The higher derivative terms can be added by extending the equation of motion for the biased tracer, eq. (3.5). As discussed around eq. (2.1), the equations of motion for δ h include the source terms eq. (2.3) brought up by the small scale physics feedback on the large scale tracer. Using the Taylor expansion, one finds that the leading order contribution from the source terms is approximately given by
Since this derivative term is suppressed by the small scale parameter R * , it should be treated as a perturbative correction to the equation of motion in the same way as the non-linear terms. Therefore, it leads to an additional term to the list of non-linear terms in eq. (3.6),
where we keep R 2 * as a bookkeeping parameter indicating R 2 * k 2 = O(δ 2 ℓ ) with k being the wavenumber of the Fourier mode in interest. This leading derivative term would be activated only at the third iteration of eq. (3.6), giving the nontrivial contributions at the fourth-order, which is out of the scope of this paper where given that we are limiting our analysis to the third order expansion in the biased tracer fields. Contrary to the case of stochastic field, the higher derivative operators are allowed to correlate with any of the other deterministic operators. Note that any higher derivative operators (R 2 * ∂ 2 ) n δ ℓ can then be added in an analogous way by allowing them to contribute in the construction of the basis via eq. (3.6) at the appropriate field order.
Once Step 1 (subsec. 3.2) and
Step 2 (subsec. 3.3) are completed, giving rise to the extended Monkey basis, Step 3 (subsec. 3.4) proceed in the same way as done before, giving additional constraints for the new bias parameters.
Comparison to Previous Works
In this section, we compare our result with three previous works; (i) McDonald & Roy [15] , (ii) Mirbabayi, Schmidt & Zaldarriaga [22] (iii) EFT of LSS [21] . There are many other papers featuring comparable bias expansion (see, e.g. [16, 19, 20, 33] ), but given that these should all be equivalent (at least up to the third-order) to the frameworks chosen above, we restrict our comparative study to these three. Note that in these previous formalisms, one needs to know the non-linear dynamics of matter fluctuation to derive bias expansions, and their results were presented with the use of the SPT in the EdS Universe, whereas our monkey framework relaxes this assumption. Hence, C b = 1 and C d = 3/14 are implicitly adopted in these previous works, as we shall see below. All these previous works have seven free bias parameters and corresponding bias operator basis, making them equivalent to our monkey framework.
McDonald&Roy(2009)
McDonald and Roy [15] , have found their basis expansion up to the third-order by fully exploiting the SPT result for the matter fluctuation δ m . They introduced the following bias operators
Then, for instance, they chose ψ as an independent operator at the third order, because the SPT in the EdS universe shows η = 2s 2 /7 − 4δ 2 m /21 up to the second order and ψ becomes non-zero from the third order. Through such arguments, the expansion for the bias trace field up to the third-order is obtained
where s 2 ≡ s ij s ij , s 3 ≡ s ij s jl s li and st ≡ s ij t ij . In order to show that this basis is, order by order, equivalent to the one obtained in the Monkey framework we compare it to the eq. (3.23) (using C b = 1 and C d = 3/14). Comparing the two bias expansion basis we see that δ MR h can be re-expressed in terms of the Monkey framework by using the simple bias coefficient redefinition Thus MSZ bias expansion can again, up to third order, be expressed as another linear combination of operators in eq. (4.2) (while ψ is eliminated due to the degeneracy). One can find the corresponding monkey coefficient by remapping eq. (4.3) in accordance with eq. (4.6).
EFT of LSS
The bias expansion of the EFT of LSS [21, 54, 55] was derived by adding a physical component of "non-locality in time" to McDonald and Roy's operator basis O MR . The fact that biased tracers could be affected by the physics that happened on their past trajectory can be taken into account by dressing the operators in time integrals with time-dependent kernels. We thus have
is the past trajectory of biased tracer δ h (t, x) along which an operator O i has affected the formation of δ h with unknown weighting factor c i . By perturbatively expanding the above expression, one apparently obtains much more bias operators than McDonald and Roy. However, after resolving degeneracies between operators, it turned out that the bias expansion is isomorphic (i.e., equivalent) to McDonald and Roy's one. 3 Therefore, it has been shown that non-locality in time eq. (4.7) does not bring in any new bias operator up to third order in the EdS universe, compared to other approaches. In this context, our formalism clarifies that non-locality in time never introduces new operators in any background universe (at least up to third order), given that the monkey theory does not acquire a new operator unless new non-linear terms are added to eq. (3.6) or the consistency relations are broken.
The bias expansion of the EFT of LSS is given by
δ,2 +c δ 2 ,1 C
(2)
wherec X are free bias parameters and C (n)
X are operators at n-th order whose definitions can be found in [54, 55] . We again suppressed stochastic, higher derivative and counter terms in the above equation. The mapping of the coefficients is given by It can be easily confirmed that all the conditions on the monkey coefficients are always satisfied for arbitrary EFT bias parametersc X .
Both Eulerian and Lagrangian biasing schemes employ the two-step procedure wherein bias expansion is introduced in the one-step, and perturbation theory is used to describe dark matter dynamics in the second step. This requires the computational tasks where order by order similar perturbative expansions are done repeatedly, increasing the complexity of the description in either scheme. Moreover, in both schemes, the former step relies on a somewhat arbitrary way of how the bias expansion basis is chosen at each perturbative order. In this paper, we have developed the new formalism for constructing the biased tracer field (such as galaxies, 21cm lines, clusters, etc.), which we dub the Monkey bias theory. The motivation for such an approach was to avoid the redundancy in the basic construction present in all other approaches and to provide a self-consistent basis construction algorithm based on physical principles. We summarize below several key features of this approach.
• Monkey bias expansion is a direct expansion of the biased tracer field, which originally includes all possible bias terms at given perturbative order and then gets constrained into the physical basis by consistency relation of large scale structure derived from the equivalence principle and adiabatic perturbations.
• In addition to the direct utilization of consistency relations, additional spurious dependence on the direction of soft modes remains that is not killed by the consistency conditions alone. Disregarding such contributions, in principle, constitutes an additional physical requirement, separate from the current form of consistency relations, and thus prompts further investigation that shall be addressed in future work.
• These physical constraints are imposed on the tree-level statistics where the computational effort is minimal, which automatically guarantees the loop contributions are also physical. Thus our formalism ensures the completeness and IR safety of the generated bias basis. As a consequence of this construction method, we also do not need to worry if an operator is missed in our bias expansion.
• Construction of the Monkey bias basis for a given perturbative order is formulated as a three-step algorithmic procedure that yields itself to automatized computer implementation. It can be especially useful to construct the basis at higher orders in perturbation theory where a fully automated approach would guarantee consistency and completeness in the "no operator left behind" sense. This feature, in particular, we see as an advantage compared to all the current bias tracer frameworks, where the construction of the higher orders can become a cumbersome endeavor.
• Applying this construction procedure, we obtain explicit results of the bias tracer field up to the third order in the perturbative expansion (counting by numbers of linear fields δ ℓ involved) as given in eq. (3.23). If the EdS universe is additionally assumed, our Monkey bias expansion is equivalent to the ones in the literature. We explicitly compare the results in [15, 21, 22] to ours, and give explicit linear mappings of bias coefficients.
• For the first time, we include the exact time evolution effects in the generalized background universe beyond the EdS universe in the bias expansion. These emerge as the universal coefficients, C b and C d , in our main result eq. (3.23). Even though their deviation from the standard EdS-like evolution is not likely to be dramatic, they are not degenerate with the bias parameters, contrary to the standard lore. This is because the coefficients of the bulk displacements operators are protected by the equivalence principle, but at third-order the bias expansion can exhibit the nonlinear displacement effects whose coefficients depends on the background evolution in the ΛCDM universe. These time evolution effects can appear even at the second-order and become diversified in the beyond ΛCDM theories (see, e.g., [47, 49, 50] ). Isolating this contribution can serve as a clean test of ΛCDM dynamics. As a simplest observable of these evolution effects, we suggest the near-optimal bispectrum estimators for the displacement contributions as is proposed in, e.g., [52] for other bias coefficients.
In the paper, we focused primarily on obtaining the results for so-called deterministic bias operators. However, we also discuss the extension of the Monkey framework to include the stochastic bias contributions, as well as higher derivative operators. Both of these extensions can be relatively easily added to the framework, modifying just the first step of the proposed algorithm, while the application of the consistency conditions remains unchanged.
As a potential benefit and application of the approach, we envisage it in a more straightforward construction of the higher-order contributions such as one-loop bispectrum or twoloop power spectrum of biased tracers, as well as in the determining and exploiting the approximate degeneracies and marginal operators. The latter is of particular interest given that the number of free parameters in constructed observables can become quite large, and thus, it is of interest to reduce the number of degrees of freedom to the relevant ones. Finally, we note that, in our opinion, presented Monkey formalism for the perturbative construction of the generic bias tracer fields utilizes one of the simplest and yet most explicit applications of the consistency relations of large scale structure so far.
where we employ the same color scheme for the bias parameters and the universal coefficients as in eq. (3.23). For the reader's convenience, let us quote the characteristic universal coefficient values again. If the matter dynamics is described by the SPT-like equations (including its EFT extensions) in the ΛCDM universe, assuming the EdS-like approximation of the time dependence, we can use C b = 1 and C d = 3/14.
Once the kernel functions are symmetrized, we can write explicit expressions for the one-loop power spectrum, bispectrum, and trispectrum. The power spectrum is given by The power spectrum is the only statistics that exhibits the loop contributions at the field order we work at (third-order in the fields). The constraints obtained from the consistency conditions ensure that the power spectrum exhibits all the expected IR-safe behavior. Tree-level bispectrum is given by
where only second order fields contribute. Finally, the tree-level bispectrum is given by where again all three kernels contribute.
